Introduction
Pavement design is a process intended to find the most economical combination of layer thickness and material type for the pavement, taking into account the properties of the soil foundation and the traffic to be carried during the service life of the road. In many countries traditional design methods are more or less empirical but there is, worldwide, an increasing desire to develop analytical approaches. A pre-requisite of a successful analytical method is the experimental measurement and appropriate mathematical characterization of the permanent deformation behaviour of unbound granular materials (UGM). As far as the resilient behaviour of the pavement is concerned there is a wide range of material models, computation tools and design procedures. The situation regarding the behaviour of pavements with respect to the accumulation of permanent deformation under repeated traffic loading is much less well developed. It is this area to which this paper contributes. At the moment a model for the description and calculation of permanent behaviour is under development by the authors. Triaxial tests for the investigation of the permanent deformation behaviour are the basis of these studies.
The shakedown concept and pavement design
One aim of pavement design is, that the pavement be able to resist permanent deformation beyond a certain, tolerable, level. Essentially, only resilient deformations are permitted in the pavement. Because the permanent deformation of UGM (and other layers) leads to irreversible deformations at the pavement surface, thus, in practice, a pavement construction should be designed in such a way that no, or only small, permanent deformations appear in each layer.
In the past the permanent deformation of aggregates for pavement applications has been modeled in a variety of ways. In a recent review of permanent behaviour, Lekarp et with * p ε [-] total plastic strain with strain at N=100 treated as zero,
A, B [-] model constants, N
[-] number of load applications.
In Equation 1, parameter A sets an ultimate strain level, while the second part of the equation generates a multiplier of A which increases as the level of repeatedly applied stress gets closer to the monotonic failure stress condition. Several researchers [DAW 99, SHA 84, PAU 98] have observed these two aspects of material response to loading (magnitude and number of applications), implicitly (if not explicitly) deriving their observations from assessments performed at low levels of additional shear stress (σ D /σ 3 ). Once the asymptotic deformation has been reached, further strains in the aggregate will be entirely resilient. At higher levels of additional stress ratio, however, this type of behaviour is not observed [LEK 98] and, instead, permanent deformation does not stabilise and may eventually lead to a failure condition.
NOTE. -the 'additional stress ratio', referred to above, can be written as σ D /σ 3 (σ D = σ 1 -σ 3 , where σ D is the deviatoric stress) and is usually referred, in this paper, by the term 'the stress ratio'.
For design purposes, this implies that the maximum load level, which is associated with a resilient response must be known and then not exceeded, if uncontrolled permanent deformations are to be prevented. This has raised the possibility of the existence of a critical stress level between stable and unstable conditions in a pavement. According to the "shakedown" concept, this is termed the "shakedown limit".
The shakedown concept has been used to describe the behaviour of conventional engineering structures under repeated cyclic loading. It was originally developed to analyse the behaviour of pressure vessels to cyclic thermal loading. Later it was applied to analyse the behaviour of metal surfaces under repeated rolling or sliding load [JON 86 ]. For fuller details of this concept as applied to pavements the reader is referred to [COL 93] and [SHA 84]. In summary, the concept maintains that there are four categories of material response under repeated loading (as illustrated in Figure 1 ):
1. Purely elastic,where the applied repeated stress is sufficiently small that no element of the material achieves any yield condition. From the first stress/strain excursion, all deformations are fully recovered and the response is purely elastic.
2. Elastic shakedown, where the applied repeated stress is slightly less than that required to produce plastic shakedown. The material response is plastic for a finite number of stress/strain excursions. However the ultimate response is purely elastic. The material is said to have "shaken down" and the maximum stress level at which this condition is achievable is termed the "elastic shakedown limit".
3. Plastic shakedown, where the applied repeated stress is slightly less than that required to produce collapse after the incremental accumulation of plastic strain. The material achieves a long-term steady state response, i.e. no further accumulation of plastic strain and each response is hysteretic. This implies that a finite amount of energy is absorbed by the material on each stress/ strain excursion. Once a purely resilient response has been obtained the material is said, once again, to have "shaken down" and the maximum stress level at which this condition is achievable is termed the "plastic shakedown limit" 4. Incremental collapse or ratcheting [JON 86] ,where the applied repeated stress is relatively large. The stresses applied cause the material to reach and exceed the yield condition. The plastic strains then accumulate rapidly with failure occurring in a relatively short time.
With this understanding of the component material behaviour, the shakedown concept typically then adopts classical upper and/or lower bound limit theorems. These incorporate the appropriate shakedown limit stress states (rather than the higher stress state associated with monotonic rupture) to compute the load carrying capacity of the structure if it is not to undergo excessive plastic strain.
The possible use of the shakedown concept in pavement design was first introduced by Sharp A pavement is liable to show progressive accumulation of permanent strains (seen as rutting) under repeated traffic loading if the magnitude of the applied loads exceeds the limiting value (i.e. similar to Range 3 in Figure 1) . If the applied traffic loads are lower than this limit, after any post-compaction stabilisation, the permanent strains will level off and the pavement will come to a state of "shakedown" (i.e. similar to Ranges 1 and 2 in Figure 1 ) from which time it undergoes only resilient deformation under additional traffic loading [SHA 85 ]. This implies an adaptation by the pavement to the loading. This could be due to a change in material response (e.g. due to compaction), due to a change in stress state (e.g. to the development of "locked-in" stresses) or due to both effects. However, the ideal behaviour illustrated in Figure 1 does not relate in a straight-forward manner to that observed in laboratory testing, as will be seen in the following sections.
Research project at the Dresden University of Technology

Research Targets
This paper reports on one aspect of an ongoing research project at the Dresden University of Technology, Germany, aimed at developing a model for the calculation of permanent deformation behaviour. Part of the project's goal is to find the critical stress condition that defines the boundary between stable (non-rutting) and unstable (rutting) conditions in a pavement. To provide response data, the permanent strain behaviour of granular materials has been investigated using the repeated load triaxial test. Based on the experimental results in this apparatus, the development of permanent deformation of UGM subjected to cyclic loads is described.
Figure 1: Elastic/plastic behaviour under repeated cyclic pressure and tensile load [JON 86]
Tested Materials
Triaxial tests were carried out on an UGM as part of collaboration with the University of Nottingham, England. A Sandy Gravel and a Granodiorite were tested (Fig. 2) . The materials examined were taken from a gravel and a stone pit near Dresden. The samples had a moisture content of 4.0 %.
Test Procedure
The Repeated Load Triaxial Apparatus used in the project has been developed at the University of Nottingham. The principal components of the Triaxial Apparatus are illustrated in Figure 3 .The axial load is capable of applying a deviator stress up to 1,200 kPa on samples of 150 mm diameter and 300 mm height. As the test proceeds, the sample undergoes both vertical and radial deformations. In order to minimise the end effects (friction between the particles and the end-platens) two LVDTs and two strain hoops are used to measure axial and radial deformations at 1/4 and 3/4 of the sample height.
Specimens are prepared in a split mould, which holds a latex membrane to its walls. Four studs are affixed to the membrane. These are later employed to hold the instrumentation. Aggregate is placed in the membrane-lined mould in 5 or more layers and compacted using a full-face vibrating hammer. The compacted specimen is held in the membrane by the application of a partial internal vacuum and then the mould is removed. A second membrane is then placed over the specimen in order to seal the specimen from any leaks in the first membrane caused by the compaction process. The instrumentation is then fixed though the two membranes to the studs and the completed specimen is placed within the test cell. The partial vacuum is then replaced by the cell pressure and the specimen is ready for testing.
Figure 2: Gradings of the tested materials
For the repeated loading tests the constant confining pressure was set at levels of 70, 140, 210 and 280 kPa. A confining pressure range (<150kPa) is commonly used in pavement engineering for testing UGM. However, the 70 -280 kPa confining pressure range was selected for accuracy purposes of the Triaxial Apparatus. After the confining pressure had been reached, additional dynamic (frequency = 5 Hz) vertical stress (deviator stress) pulses were applied. The triaxial tests were carried out with axial stress pulses reaching stress ratios of σ D /σ 3 = 0,5 -11.
Static failure tests were also performed at the same levels of confining pressure as in the repeated loading tests. 
Range A -plastic shakedown-range
The lower line in Figure 5 shows the permanent strain versus number of load cycles for a Range A material. Here the response is plastic for a finite number of load applications, but after completion of the post-compaction period the response becomes entirely resilient and no further permanent strain occurs ( Figure 6 ). On Figure 4 this plots as a convex-downwards line (labeled 'A') because the plastic strain rate progressively decreases, effectively halting further accumulation of strain leading to an asymptotic final (vertical) permanent strain value. For this range, Figure 4 shows that the level of accumulated strain depends on the load level. Also, inspection of the individual test results shows that the number of cycles required, before plastic strain ceases, increases with applied load level increase.
A pavement with material in this condition would come to a stable equilibrium behaviour in response to the loading [SHA 84, COL 93]. It 'shakes-down'. Range A behaviour is, therefore, permitted in the pavement, provided the total accumulated strain is sufficiently small. • The permanent strain rate depends on load level (Figure 4 ).
• The strain rate decreases very slowly compared to Range A and B, or not at all.
• If the load level approaches to the (assumed) monotonic failure load, there is only a small decrease in incremental strain rate during the first few load cycles (Figure 4 ).
• The beginning of the failure process can be recognized by an increasing rate of permanent strain development following a period of decreasing strain-rate ( Figure 7 ) after which strain-rate levels remain uniformly high.
• There is no cessation of strain accumulation. Range C behaviour in a pavement would result in the failure of the pavement by shear deformation in the UGM layer experienced as rutting at the pavement surface. This range should not appear in a well-designed pavement.
Range B -intermediate response -plastic creep
Lines like B in Figure 4 show an intermediate response. During the first load cycles the high level of plastic strain rate decreases for the time being to a low, nearly constant level. The number of load cycles for reaching this constant level of strain rate depends on the material and the load level. This number of load cycles may mark the end of post-compaction. Because of the almost constant level of strain rate, a near-linear rise of permanent strain is observed for tests with 100,000 load cycles ( Figure 5 ). A test with 700,000 load cycles showed that a further increase of permanent deformation occurs with a growing number of load cycles. A slow increase of the permanent strain rate occurred after 380,000 load cycles (Figure 8 ). At 700,000 load cycles it comes, like Range C, to an incremental collapse. Kolisoja [KOL 98] conducted triaxial tests on a crushed rock and found similar results. He observed that although the behaviour of an aggregate during the first 100,000 looks like stabilising it can turn to failure if cycling at the same load level is continued long enough. 
Resilient Strain and the Shakedown Concept
It can be observed (Figure 9 ) that both Range A and Range B specimens exhibit a constant level of resilient strain during a test and that the level of resilient strain depends on the load level.
If it comes to an incremental collapse in the Range B the resilient strains will increase. However, a significant decrease of resilient deformation with increasing number of load cycles is observed in Range C. Figure 4 there is a fairly clear distinction between Range B and Range C behaviour, this is not always the case. Then, the differing resilient stain response with number of cycles, as in Figure 9 , allows the responses to be separated. The Ranges A and B can also be separated on the basis of resilient deformation behaviour. Within Range A the resilient deformations increase degressively with rising stress ratios a stiffening non-linear response to deviator stress. With a further increase in stress ratio a rapid increase in resilient deformation is observed on the transition to Range B. Because of this, a two stage resilient response is observed (Figure 10 
Although in
Micromechanical Processes
In the triaxial test the deformation behaviours just described can be observed, but the test does not immediately provide an explanation for the behaviour. For this reason it is desirable to describe the large scale observations of deformation behaviour of the granular material with a consideration of the manner in which the inter-particle response within the granular matrix may be responsible for that macro behaviour (as observed in Ranges A, B and C).
At low levels of stress (i.e. Range A macro behaviour) the initial, post compaction, plastic strain is most probably due to limited particle re-orientation and breakage. There may be a little inter-particle attrition, but this is expected to be insignificant. Certainly, as the plastic strain rate per cycle continues to decrease and a purely resilient state is reached, there can be no ongoing damage. Once the point of pure resilience has been reached, the cyclic strain behaviour must be due only to the deformation of the single grains and to very limited recoverable particle rotations. Some frictional losses must still occur as the macro-scale resilient stressstrain response in Range A retains some hysteresis, but this frictional loss does not appear to be associated with, nor does it seem to lead to, any accumulating plastic strain. So these repeated applications of stress must be, in essence, non-damaging. In particular, on the basis of the foregoing, particle crushing/breakage probably does not occur to any significant amount [WER 01].
At greater imposed stress levels a similar micro-scale behaviour is proposed. However, the residual, constant rate of accumulation of plastic strain experienced in Range B, together with a wider resilient hysteresis loop (indicating greater energy loss per cycle of loading) suggests that, after post-compaction rearrangement, particle breakage and inter particle slip, continued frictional energy loss is now associated with ongoing damage. Given the slow rate of plastic strain accumulation which is observed and hence the slow rate of damage which is inferred, it seems probable that this damage is more likely to be particle contact attrition rather than particle breakage. Particle breakage is probably of minor importance. The resilient strain behaviour must be due to the deformation of the single grains, to recoverable particle rotations and to additional recoverable slip between particles.
In Ranges A and B, once a constant level of resilient strain is reached then constant volume permanent deformation is observed. In Range A this would be a natural consequence of the cessation of all particle damage. In Range B the ongoing, low-level and constant rate of damage would be expected to be linked with a constant resilient behaviour only if the condition of the particle contacts at the end of a cycle is the same as it was at the beginning. For this to be the case it is necessary to postulate that the small amount of damage debris that is generated each cycle be taken out of active participation in the overall material response by being displaced into voids within the coarser aggregate skeleton. If this was the case then a constant volume (or even slightly compressive) plastic strain response might be anticipated in such circumstances. A comparison of Figures 4 and 9 supports this hypothesis.
The above explanations can also help to provide an explanation of the change in stiffness with stress as seen in Figure 10 . During Range A behaviour and during Range B behaviour an increasing stiffness with increasing stress can be observed. This is conventionally explained in terms of Hertz contact theory [HER 82]. With an increasing force to be carried by the inter-particle contacts, the centres of individual aggregate particles are forced closer together. Thus size of the interparticle contacts must increase due to the compression of those contacts. Thus the contact stresses do not increase as fast as the externally applied stresses and a convex stress strain curve will result as seen in Figure 10 within Range A and within Range B. Taking the above, micro-mechanical, explanation concerning the difference between Range A and Range B behaviours, then it will be evident that the response to each cycle of loading in Range B must include the effects to recoverable particle rotations and to additional recoverable slip between particles -an effect not experienced in Range A. Thus we expect to see some discontinuity in the stiffnessstress curve on transition from Range A level stresses to Range B level stresses. And this, indeed, is seen in Figure 10 . Once within Range B we would expect to, and do, see the Hertzian stiffening response once again [WERK 01 , NUM 01].
In those cases in Range B where plastic strain rate begins to increase again after many cycles in which the plastic strain rate had been small [KOL 98] (e.g. as in Figure 8 ), it seems likely that the grain attrition effects the collapse. According to this understanding, the resistance to the friction between the grains and also the angle of internal friction are decreasing.
At even higher externally imposed stress levels a different mechanism must be in play. The plastic strain rate never drops to a low level such that it is impossible to define the end of post-compaction behaviour. The hysteresis loops are always large, indicating significant energy loss per cycle. Thus a greater degree of damage must occur almost from the outset of repeated load application than was evident under Range A and B behaviours. Particle re-orientation and slip between particles would provide such an explanation.
Particle breakage occurs if the applied load exceeds the strength of the grains. Particle breakage allows relatively large scale particle re-orientation and a nonstable aggregate skeleton such that large plastic strain rates become credible. However, a denser structure can develop and the number of grain contacts will increase. This helps to explain why, with respect to resilient strains, Range C behaviour is associated, in during the first few cycles, with a stiffening response. Also, within Range C, the rate of stiffening is greatest at the highest levels of stress -an observation which can be explained to more rapid compaction. The incremental collapse will occur, because altering in the grain assembly arise. The friction between the grains is not sufficient anymore, to resist the external stress.
Classification of Behaviour Ranges
By considering the observed behaviours just described, it can be seen that Range C behaviour seems equivalent to Range 3 behaviour as illustrated in Figure 1 , as that expected response is replicated in testing.
Range B is the intermediate behaviour, which is observed over a range of stress states. Initially behaviour is like Range A behaviour but a small residual incremental plastic strain is observed, yet without stiffening (without strain hardening).
It should be noticed that the original shakedown explanation (Figure 1 ) assumes that the material is loaded equally in tension and in compression in each cycle. Clearly, the no-tension ability of a UGM precludes this. Thus the plastic recovery part of the hysteresis loop does not take place at the tension stress level which 'mirrors' the compressive stress level that caused plastic strain but, instead, at a very low compression. Due to the material's non-linearity, it is unlikely that the hysteresis loop will be symmetrical, thus the recovery of plastic strain is unlikely to mirror the plastic strain generation. This introduces a further reason for incremental plastic strain accumulation. Figure 11 shows the test results for a Granodiorite with varying cell pressures. The transition ranges at different cell pressures, σ 3 can easily be seen. Considering the data from Figures 4, 14, 10 and 11 (and other plots like these), it would be possible to define for any cell pressure, σ 3 the absolute (not 'additional') stress ratio of the boundaries between the different Ranges (A, B and C). Using such an approach, Figure 13 shows the area in which the Sandy Gravel material evidences a change from Range A to Range B behaviour, with the lower line being derived from resilient data (like Figure 11) and the upper line being derived from plastic data (like Figure 14) . Permanent vertical strain [10 From an analysis of the test results it was possible to find an exponential relation [2] between the applied stresses (σ 1 / σ 3 ) and the different deformation behaviour in Ranges A, B and C. With this equation one can define the exact shakedown limit even at small stress ratios. At low levels of cell pressure the material can requires a high stress ratio until it changes from the Range A to B. With increasing cell pressure the stress ratio defining the boundary between Ranges A and B decreases. This means that the deviatoric stress has a disproportionate influence on the vertical deformation compare to the cell pressure as cell pressure increases. The parameters α and β are likely to depend on, at least, the grading, particle shape, particle surface and the moisture content of the materials. Further research is required to define the factors more precisely but for conservative calculations, the lower bounds for the Ranges should be used (Figure 15 , again plotted in terms of absolute stress ratio).
Shakedown Limit Calculation
Because the curves for the elastic shakedown limit, the plastic shakedown limit and the failure line are similar, the shakedown limit curves can be investigated by looking for the failure line and one point on the curve. It seems that the parameter α is nearly constant for the different ranges, but the parameter β increase progressively as failure is approached (Figure 15 ).
To minimise the number of repeated loading tests to find the shakedown limits, it would seem possible to make failure tests at different cell pressures and repeated loading tests at a constant cell pressure. Thus the effort for testing would be minimized, because the execution of the repeated loading tests requires a high time expenditure (a repeated loading test with 300,000 load cycles and a frequency of 5 Hz needs 16,6 hours). On a Sandy Gravel this approach is workable, because a static failure line can be found (Figure 16 ). But for the static failure tests on crushed rock materials it was not possible to define failure so readily. If the parameters α and β for the failure line are known, then it should be possible to calculate β for the Range A and B. 
Conclusions
It has been shown that the application of the shakedown concept to particular granular materials as used in road construction is possible, although adaptations have to be made to allow for the particular response of these materials to repeated loading. It is suspected that the shakedown Ranges A, B and C occur in all granular materials.
The permanent deformation response is affected by several factors only some of which have been investigated so far. Further research might concentrate on the influence of parameters such as aggregate type and grading, as these factors appear to have a significant influence on the modes of plastic strain observed. Furthermore, the determination of the range boundary parameters as a function of the values ϕ′ and c′ and/or of grading, aggregate type, moisture content etc. should be investigated.
If the unbound layers behave in a manner corresponding to Range A, the pavement will "shake-down". After post-compaction deformations, no further permanent strains develop and the material subsequently responds elastically. Thus Range A is permitted in the pavement, if the accumulated strain before the development of fully resilient behaviour is sufficiently small which is expected to be in the normal situation. The next step is to examine the application of material in the pavement that responds according to Range B. It seems, that the material in Range B does not reliably "shake down" although at lower number of cycles this seems to be happening. It will be important to know the permitted maximum number of load cycles that will prevent distress in the pavement from occurring. Further tests with load applications up to 2,000,000 load cycles may be necessary.
Range C (=Range 3) behaviour should not be allowed to occur in the pavement as it involves uncontrolled plastic strain.
A technique and associated material model to define the boundary between the ranges of behaviour has been proposed which could lead to a simplified means for design. Coupled with a pavement stress analysis, this technique could allow the expected behaviour to be predicted throughout the pavement and thus, design strategies could be formulated to avoid undesirable behaviour. 
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